This manuscript describes how the weight of a simply supported composite plate-strip (containing twin circular inclusions) affects its dynamic behaviors when exposed to bending load as analyzed via the finite element method (FEM). The centers of the twin circular inclusions are on a line parallel to the free surface, and the materials of both inclusions are the same. First, the effects of body forces (the plate-strip's own weight) and surface forces (pre-stretching load) on the plate-strip (both are considered to be initial stresses) are identified using the classical linear theory of elasticity. Next, the consequences of these stressors (identified in the first step) under additional time harmonic bending load on the forced vibration around the inclusions are determined using the three-dimensional linearized theory of elasticity (TDLTE) under the plane-strain state. The data herein suggest that the plate-strip's weight can significantly effect dynamic characteristics of the considered plate-strip.
INTRODUCTION
The presence of inhomogeneities or defects (e.g., inclusions and holes) in structures affects their mechanical and physical properties, resulting in unwanted strain or stress. It is very important, however, that these strains and stresses remain within defined limits for the structure's security. Several studies have been conducted on the stresses and strains caused by inclusions (Mura [1] , Mura et al. [2] and Zhou et al. [3] ). Hufenbach and Zhou [4] developed a solution method for the anisotropic elastic host; this was obtained via engineering mechanics with the boundary collocation technique. In this solution method, all of the stresses and displacements were calculated under the assumption that corresponding displacements and stresses of the constituents of the plate are equal on the contact surfaces, linear elasticity, and a plane strain state. Huang [5] utilized the Mori-Tanaka mean-field method to determine the effect of fiber aspect ratio on the effective elastic modulus of composites.
Detailed studies have reported the effect of initial stretching on a plate with twin inclusions on forced vibration analysis in Babuscu Yesil [6] and Akbarov [7] . However, these previous studies did not take into account the object's weight, and therefore, all structures (both heavy and light) were considered equal. However, in order to have a safe structure, the structure's weight must be taken into account. Some studies have identified the structure's weight as the 'dead load.' Dead loads are modelled as loads that are unchanging, and are thought to play a key role in structural collapse [8] [9] [10] [11] . Therefore, researchers must take into account the influence of dead loads in order to obtain better results and more stable structures. Previous studies [8] [9] [10] [11] that performed dynamic analyses on plates and beams with an approximate closed-form solution of the structures took the influence of dead loads into account. The effect of the weight of a pre-stretched plate-strip containing a circle-shaped hole on static analysis were studied in Babuscu Yesil [12] . Other studies analyzed the effect of dead load on the dynamic behaviors of beams Zhou and Zhu [13] and plates Zhou [14] using the concept of load-induced stiffness matrix via the finite-element method.
The current study describes the effect of its own weight on a plate-strip containing twin circle shaped inclusions on dynamic analyses under uniformly distributed time harmonic bending forces. The plate-strip includes twin circular inclusions whose centers are on a line parallel to the free surface and made from the same materials. The harmonic bending forces were applied to the top of the pre-stretched plate-strip. The problem is modelled via TDLTE in the planestrain state, and the problem is numerically solved via the FEM. Based on a literature search, this is the first attempt to introduce the effect of own weight of a structure containing inclusions on dynamic analysis.
PROBLEM FORMULATION AND COMPUTATIONAL TECHNIQUE
Considering that the plate-strip's own weight (intensity f) and uniaxial stretching forces (intensity q) act together, there were two forces being applied to the plate-strip in the reference (initial) state. The effect between the stretching force and the body force on the distribution of stresses, strains, and displacements of the plate-strip were determined with the classical linear theory of elasticity using the superposition principle.
The effect of the simply supported plate-strip's own weight on the dynamic characteristics at its ends (i.e., x 1 = 0 and x 1 = L) was analyzed by the finite element method. Uniformly distributed normal stretching forces of intensity q act on the plate-strip's ends, and body forces of intensity f act on the plate-strip in its initial state. Moreover, there is no force applied on the plate-strip inside the inclusions, and additional uniformly distributed dynamic (time harmonic) normal forces of amplitude p (≪ q and (≪ f) work on the top of the plate-strip ( Fig. 1 ). The radius of the inclusions is denoted as 'R,' the width of the plate-strip as 'L,' and the height of the plate-strip as 'H'.
The problem can be solved in two parts as follows: 1) the initial (reference) part, and 2) the perturbed part. In the initial part, the plate-strip's displacement and stress distributions are analyzed using the effect between the uniformly distributed uniaxial stretching force and body force. These are initial values, and the quantities of the reference part will be denoted by the superscript (0). During the second (perturbed) part, the results of the first part will be considered, and then displacement and stress distributions will be determined for the pre-stressed plate-strip using uniformly distributed dynamic bending forces. 
For Perturbed Part: 
All of the recurring indices (i,j,k=1,2) are added up throughout their ranges utilizing the following code: σ ijstress, ε ij -strain and u i -displacement tensors. k=1 (k=2) denotes the related values of the matrix's (inclusions') materials, f i -refers to the constituent of the density of the body force, ρ refers to the mass density of the material in the plate-strip, g refers to the gravitational acceleration and δ i jrefers to the Kronecker symbol. I L (I R )denotes the contour of the left (right) inclusion determined by Eq. (11), the Lame constants are denoted by λ k and μ k , t indicates time, and n j refers to the constituents of the unit normal vector that is applied to the outline of the inclusions.
In the forced vibration problem, inhomogeneous part of the boundary condition at x 2 = H is pe iωt and here p is constant. The perturbed part solution is formulated by Eqs. (6)-(10), and the solutions are determined by the following:
where σ ̅ ij , ε ̅ ij and u ̅ i indicate amplitudes. Eq. (12) can be applied to the motion Eq. (6), and after some manipulations, the equation below was developed in order to relate amplitudes:
Eqs. (7)-(8) as well as the boundary and contact conditions (with the exception of x 2 = H) are similarly fulfilled for the matching amplitudes. However, the x 2 = H conditions need to be replaced as shown below:
Lastly, the perturbed part of the boundary value problem is represented with the Eqs. (13), (7-10), and (14).
PROCESS OF ARRIVING AT A SOLUTION
The numerical solution to the above problems will be determined using the FEM method. For this purpose, according to Akbarov (2013), Guz (1999) and (2004), the following functional will be used;
For the initial part of the boundary value problem:
and for the perturbed part of the boundary value problem:
where
and V ′ , V L and V R show the domains of solutions specified by Eqs.18
In Eq. (17), σ ij (0) is defined as the constituents of the initial stresses that were calculated from the boundary value problem of the initial part. Modeling via FEM for the initial part (perturbed part) of the boundary value problem is performed using the following equation:
Plate-strip's geometry and boundary conditions with respect to the planes x 1 = L/2, only the subdomain V = {0 ≤ x 1 ≤ L/2, 0 ≤ x 2 ≤ H} which has been divided into a finite number of elements is taken into consideration, i.e., domain V is presented as V = ⋃ V n M n=1
and V n represents the area of the n th finite element and selected as curved triangular finite elements with 6 nodes (including the surrounding area of the inclusions and the inclusions domains) and biquadratic quadrilateral Lagrangian elements with 9 nodes (for the domain not included with the triangular elements) (Figs. 2a and 2b) [6] , [18] . The displacement-based formulation is used for the FEM modeling. The displacements in the defined elements' selected nodes are determined by employing the standard Ritz technique, which has been detailed in many references [17] . n th FE displacement functions were chosen as follows:
For the initial part:
For the perturbed part:
,k,n ≈ k,n ,k,n (20)
In Eqs. (19) and (20), 
In Eqs. (21)-(23), the subscript s is taken 6 (9) for a triangular (rectangular) finite element; the superscript 'n' indicates defined elements V n ; while k,n are the shape functions defined at the nodes as biquadratic polynomial Lagrange shape functions for a quadrilateral defined element and second order polynomials for a triangular finite element whose unknown coefficients were determined using the following equation [17] :
Substituting Eqs. (19) and (20) in the functionals (15) and (16) respectively, gives an algebraic equation system as given below:
For initial part,
For perturbed part, For this study, it is important to note that the study's author composed all of the computer programs used for the numerical calculations (using package FTN77). For both of the boundary value problems, the arrangements and meshing of finite elements are similar. To calculate the values for the definite integrals, the Gauss Quadrature method was employed, and included 10 sample points. For ease, and so that the numerical values around the circular inclusions could be better understood, the cylindrical coordinate system (Orθx 3 ) was used to determine the stress values [12] ).
NUMERICAL RESULTS
All of the numerical calculations in this study consider the fact that the plate-strip is composed of two isotropic materials (i.e., those making up the inclusions and the matrix). The ideal contact conditions on the boundaries of these materials were satisfied. Lower index 1 refers to the matrix materials, while lower index 2 refers to the inclusion materials.
The number of finite elements from the numerical results' convergence conditions was determined. To test the mesh sensitivity, Tables 1-2 were used. The parameters N 1 and N 2 indicate the number of quadrilateral finite elements along axes Ox 1 and Ox 2 , respectively. Tables 1-2 show the first fundamental frequencies (i.e., ω cr.I 2 ) for several N 1 and N 2 , respectively, under the following conditions: R/L = 0.00625, f = 0.04, E 2 /E 1 = 1, q/E 1 = 0 and H/L = 0.075. Tables 1-2 reveal that the first fundamental frequencies increase with increasing values of parameters N 1 and N 2 ; however, it should be noted that these values only increase until they reach a certain limit. The results indicate that the mesh sensitivity used to determine the numerical solution is reliable. For the current model, the numerical results utilized 956 rectangular finite elements, with N 1 = 80 and N 2 = 12. FEM modeling was used, and the numerical results utilized 956 quadrilateral finite elements, 16 curvilinear triangular finite elements, 4041 nodes and 8032 number degrees of freedom NDOFs (Fig. 2) . To verify the validation of the current results, the plate-strip with two inclusions can be considered as a whole plate-strip by taking the elastic constants E 2 /E 1 = 1. The results for the stresses on the upper face of the plate-strip for 4 separate states were compared.
State 1:
The plate-strip undergoes only its own weight (density f), State 2: The plate-strip undergoes an uniformly distributed dynamic bending load (intensity correlates with the plate-strip's own weight) that is applied on the top of the plate-strip,
State 3: The modified case of State 2
The modified case is obtained by taking p = ρgh in State 2 (Timoshenko and Goodier (1970) ) and adding the stresses σ 11 = 0, σ 22 = ρgy, τ 12 = 0.
State 4:
Analytical solution for a plate-strip without any defects [19] .
FEM was used to calculate the solutions of the first three states.
The graphs in Figs. 3 and 4 show σ 11 p ⁄ and σ 22 p ⁄ on the top of the plate-strip for all four states. These graphs indicate that the four solutions converge in the appropriate cases, and the results of the present work are consistent with those of the analytical solution [19] . ⁄ at x 2 = H obtained for all four states for the whole plate-strip. Table 3 shows the first fundamental frequencies of a platestrip that does not have inclusions for several f and q/E 1 . As f decreases, the fundamental frequencies increase significantly. The first fundamental frequencies are close to the asymptotic values obtained for the plate-strip with neglected own weight. This approximation indicates that the programs and algorithms proposed by the author of the current study are valid. 
The critical values of compressive force |q cr |/E 1 decrease with increasing values of f and ω ̅ 2 . Table 5 indicate interactions between inclusions (i.e., d/R) using the values of σ θθ /p for ω ̅ 2 = 0.02 where ω ̅ 2 introduces the dimensionless frequency ω ̅ 2 = ω 2 ρL/A 22 (< ω cr.I 2 ) (A 22 = λ k + 2μ k ). The values of the upper number (lower number) of the ratios indicates the values of the stresses under f=0 (f=0.04). To obtain numerical results, it is assumed that ν (1) = ν (2) = 0.3, R/L = 0.00625 and H/L = 0.075, unless otherwise noted. The numerical results shown in Table 5 indicate that the absolute values of the stresses decline with q/E 1 , and when the effect of the plate-strip's own weight is taken into consideration, the values of the stresses are more significantly affected by the change in d/R. The effect of the plate-strip's own weight, i.e., f, on the stresses (a) σ rr /p, (b) τ rθ /p and (c) σ θθ /p around the inclusions (in Fig. 5 ) and displacements (a) u r /L and (b) u θ /L around the inclusions (in Fig. 6 ) and displacements (a) u 1 /L and (b) u 2 /L on the plate-strip's upper face (in Fig.  7) are presented in Figs. 5-6 and 7, respectively for which E 2 /E 1 = 5, ω ̅ 2 = 0.02 and d/R=6. In these figures, not only are the graphs presented related to the case where the value of the dimensionless pre-stretching load differ from zero, i.e., q/E 1 = 0.005 (solid lines), but the graphs are also related to the case where the value of the dimensionless prestretching load is equal to zero, i.e., q/E 1 = 0 (dashed lines). Figs. 5 indicate that the absolute values of stresses σ θθ /p increase with density of own weight f, while the absolute values of stresses σ rr /p and τ rθ /p decrease with density of own weight at θϵ(0, π), but increase at θϵ(π, 2π) around the inclusions. Figs. 6 indicate that the absolute values of the displacements u r /L and u θ /L increase with density of own weight at θϵ(0, π), but decrease at θϵ(π, 2π) around the inclusions. θϵ(0, π) and θϵ(π, 2π) represent the areas closer to the inclusions upper and lower plane, respectively. Results for all the stresses and displacements achieved for pre-stretching load i.e. q/E 1 ≠ 0 are less than the values for q/E 1 = 0. The following figures present graphs in which the platestrip's own weight density is equal to 0.04 (solid lines), and those in which the plate-strip's own weight is neglected i.e., f=0 (dashed lines). The graphs presented in Figs. 8 and 9 examine the effect of dimensionless frequencies ω ̅ 2 on the stresses (a) σ rr /p, (b) τ rθ /p and (c) σ θθ /p (in Fig. 8 ) and displacements (a) u r /L and (b) u θ /L (in Fig. 9 ), respectively, around the inclusions at r=R, for which, E 2 /E 1 = 5, d/R=6 and q/E 1 = 0.005. The graphs indicate that both the absolute values of stresses (in Fig. 8 ) and the displacements (in Fig. 9 ) around the inclusions increase with increasing ω ̅ 2 . The stress and displacement values are not symmetrical with respect to π if the plate-strip's own weight is taken into account; however, they are symmetrical with respect to π if the plate-strip's own weight is neglected. The graphs presented in Fig. 10 can be used to examine the effect of dimensionless frequencies ω ̅ 2 on the values of (a) u 1 /L and (b) u 2 /L, respectively, on the plate-strip's upper face, for which, E 2 /E 1 = 5, d/R=6 and q/E 1 = 0.005. The graphs indicate that the displacement's absolute values increase with increasing ω ̅ 2 and that the differences between the values obtained at f=0 and f=0.04 also increase with ω ̅ 2 . Fig. 11 ) and displacements (a) u r /L and (b) u θ /L (in Fig. 12 ), respectively, for which E 2 /E 1 = 5 , ω ̅ 2 = 0.02 and d/R=6. Results indicate that the absolute values of displacements and stresses decrease significantly with pre-stretching load, i.e., q/E 1 and this effect is greater when considering the plate-strip's own weight. Although the absolute values of stresses obtained for f = 0 are greater than those obtained for f = 0.04 at θϵ(0, π), the values obtained for f= 0.04 are greater than those obtained for f = 0 at θϵ(π, 2π). 
CONCLUSIONS
This study aimed to identify the effects of own weight of a plate-strip containing twin circular inclusions to dynamic analyses under bending conditions. Centers of inclusions are on a line parallel to the free surface and made from the same materials. The effects of body forces (own weight) and surface forces (pre-stretching load) have been considered together as the initial stresses can be determined via the classical linear theory of elasticity. The effects of these initial stresses on dynamic analyses around the inclusions within a plate-strip under additional time harmonic bending load are studied via the TDLTE taking into account the state of the plane strain. Within this study the best way to determine the solution was analyzed, and an algorithm was designed to determine the numerical results. According to the study the following conclusions can be reached:
 First fundamental frequencies decrease with the plate-strip's own weight and increase with initial stretching force.  When the effect of the plate-strip's own weight is taken into consideration, the values of the stresses are more significantly affected by the change in d/R (distance between two inclusions).  The values of |q cr |/E 1 decrease with f and ω ̅ 2 (< ω cr.I 2 ).  The values of |σ θθ /p |, |σ rr /p |, |τ rθ /p |, |u r /L | and u θ /L around the inclusions increase with dimensionless frequencies ω ̅ 2 .  The values of |u 1 /L | and |u 2 /L | on the platestrip's upper face increase with dimensionless frequencies ω ̅ 2 and the differences between the values obtained at f=0 and f=0.04 increase with ω ̅ 2 .  The values of |σ θθ /p | around the inclusions increase with increasing density of own weight f.  The values of |σ rr /p |, |τ rθ /p | around the inclusions decrease with density of own weight at θϵ(0, π),, but increase at θϵ(π, 2π).  The values of |u r /L| and |u θ /L| around the inclusions increase when taking into account the density of own weight at θϵ(0, π),, but decrease at θϵ(π, 2π).  The values of |u 1 /L| and |u 2 /L| on the plate-strip's upper face increase with density of own weight and this effect is greater for the case q/E 1 = 0.  The stresses' and displacements' absolute values around the inclusions are significantly decrease with pre-stretching force q/E 1 , and this effect is greater when considering plate-strip's own weight.  The absolute values of stresses around the inclusions increase with E 2 /E 1 .  The stresses' absolute values obtained for f=0 are greater than those obtained for f =0.04 at θϵ(0, π), but the values obtained for f = 0.04 are greater than those obtained for f=0 at θϵ(π, 2π).  The stresses' and displacements' absolute values are significantly greater in cases where the upward replacement of the position of the inclusions, i.e., H T /R, decrease for the cases f=0 and f=0.04.
